Introduction
Proposed in the early 1960s, the Fabry-Pérot (F-P) electro-optic modulator (EOM) [1] [2] [3] is an efficient modulation device structure, consisting of a high-speed electro-optic (EO) phase modulator is placed inside a conventional F-P cavity for resonant enhanced modulation. Originating from the F-P modulator, the optical frequency comb generator (OFCG) [4] has emerged as a valuable tool for applications in metrology, e.g., optical frequency measurements and terahertz (THz) signal synthesis and wavelength references for WDM communication systems. A major effort in previous work was to achieve combs with a wide frequency span [4] [5] [6] [7] [8] [9] . In this regard, a waveguide OFCG [7, 10] turns out to be a practical device with advantages of compactness for integration and small V π for large modulation index. On the other hand, high-repetition-rate, picosecond sources with an OFCG [7, [11] [12] [13] also gained extensive attention. Detailed properties of the pulses from an OFCG were simulated with an approximate matrix approach in [12] , where the authors showed quite different temporal features depending upon operating conditions of the OFCG. In [13] , 40 GHz optical pulses were generated by driving the OFCG with a 20 GHz microwave signal, and the pulse width was continuously tunable (~ 2-6 ps) by adjusting the modulation index to tune the spectral bandwidth. This provides a promising high-rate pulsed source for telecommunication applications. Most recently, novel pulse shaping and telecommunication-related experiments were demonstrated with an OFCG [14] , where the manipulation of the spectral phase of individual frequency comb lines produced transformlimited picosecond pulses and arbitrary waveform generation.
Our interest in the OFCG is to evaluate its performance for low-noise optical and microwave waveform generation, as well as applications in the generation and distribution of precise time and frequency signals. Recent developments in the stabilization of continuous wave (CW) lasers have provided hertz-level optical linewidths in the visible and near infrared. When combined with an ultra-low-noise 10 GHz microwave signal in the OFCG, this could lead to a unique low-noise source with sub-radian optical phase noise and timing jitter at the femtosecond level. Important for progress along these lines is a clear understanding of the factors that determine the static phase relationship between the comb elements as well as the fluctuations of both the optical and resulting microwave phase of the emitted pulse train. In this paper, we examine the sources of excess phase noise in the pulsed output of the OFCG. We illustrate that the residual phase noise (and integrated timing jitter) on the output pulse train can be suppressed significantly by seeding the OFCG with a narrow-linewidth laser source. Both experiment and analytical results of the timing jitter are presented. These results indicate that when the OFCG is seeded with a narrowlinewidth laser and driven by a low-noise microwave signal [15] , it is possible to achieve low jitter pulses with the OFCG, which will be useful for applications in high-precision metrology, time and frequency distributions, optical pulse shaping and optical arbitrary waveform synthesis. Figure 1 shows the schematic characteristics of the OFCG used in our experiments (OptoComb WTEC-01 [10] ). The OFCG consists of a LiNbO 3 waveguide phase modulator in the structure of F-P cavity. For high modulation efficiency, both the optical field and the microwave field are resonant in the device. The device is compatible with standard single mode fiber and a fiber-coupled CW seed laser feeds the input port. The modulator is driven by a microwave signal, which is combined with a DC offset using a bias-T. For a symmetrical comb spectrum with the largest optical bandwidth, the microwave modulation frequency should be a multiple of the F-P cavity's free spectral range (FSR). In our case, the modulation frequency is ~10 GHz, which is four times of the F-P cavity's FSR. The temperature of the F-P cavity and waveguide is stabilized. By adjusting the temperature set point, the resonator mode spacing can be finely tuned around 10 GHz, with a tuning slope of ~ 0.02 MHz/deg in temperature range of 10-60 o C. As indicated in Fig. 1 , the comb power spectrum has an approximate double-sided exponentially-decaying shape. Fig. 1 . Schematic principle of the OFCG: ν o is the optical CW seed frequency, f m is the microwave modulation frequency, R is the power reflectivity of the coatings on the two sides of the waveguide, η describes the propagation loss in the waveguide; i.e., 10 × log 10 (η) is the propagation loss through the OFCG waveguide between two coatings. The time t = 0 in output pulse trains is referred to a sinusoidal modulation sin(ω m t).
OFCG properties and basic theory
For typical modulation index values (β < π), the two sides of the spectrum (above and below the seed frequency (ν o ) have linear spectral phases with different slopes. Since the linear spectral phase causes a constant time delay for each pulse train (τ = -dφ/dω), the OFCG output is actually composed of two interleaved pulse trains with a relative time delay determined by the phase slope difference. Previous work [3, 7, [11] [12] [13] [14] reports that the OFCG can generate two interleaved pulse trains with a relative time delay of half the modulation period (π/ω m ), which appear as a single pulse train with a repetition rate twice the modulation frequency (ω m /2π), and the corresponding spectral phase distribution is [0, 0, 0…] for the lower sideband and [0, π, 0, π…] or [0, π, 2π, 3π, 4π…] for the upper sideband, respectively. However, that is just a special case. More generally, the phases of the upper and lower sets of sidebands vary as the OFCG condition is changed, and the two interleaved pulse trains can have a relative time delay varying between zero to half the modulation period T = 2π/ω m .
Although there have been various theoretical results with the OFCG [3, 7, [11] [12] [13] , here for completeness, we summarize the important time-frequency properties of the OFCG. Based on the previous theories, we present a series of key equations that compactly describe the properties of the OFCG.
When the modulation frequency is close to a multiple of the free spectral range of the OFCG cavity, the field transmission through the cavity (shown in Fig. 1 ) is a modified F-P formula [1] [2] [3] 7] ,
where η is the single-pass power transmission efficiency in the F-P waveguide, R is the power reflection of the F-P waveguide coating, 
Φ
is an empirically determined rf-power induced round-trip phase shift. The field transmission is a periodic function of the generalized detuning parameter x (the period = 1). For convenience, |x| < ½ is assumed in the following discussion. In Eq.
(1), it should be mentioned that we ignore the phase delay for the first pass through the waveguide and the dispersion (both material and geometric). The finesse of the lossy F-P cavity is expressed by F = πRη/(1-Rη). One effect of the dispersion is to limit the optical bandwidth of the resulting frequency comb [5] .
From Eq. (1), it can be noticed that the transmitted field is pulsed in the time domain, peaking when the phase term in the denominator is zero. For the high-finesse resonance response, each pulse's duration is much shorter than the modulation period. Based on this analysis, for time intervals around each pulse's peak, the first-order approximation of Eq. (1) is expressed by
where δt = t-t o and |δt| « 1/f m , and t o (marked in Fig. 1 ) is the pulse peak timing position, 
which is a minimum when x is zero. The pulse peak power transmission at δt = 0 doesn't vary with the OFCG operation point, but is determined by the F-P cavity parameters. As shown in Fig. 1 and discussed in Ref. [4] , the corresponding spectra for the two pulse trains are single-sided exponentials (the Fourier transform of a Lorentzian) distributed symmetrically on the lower and upper sides of the seed laser frequency with a characteristic 1/e spectral width (2πτ FWHM. ) -1 . The maximum spectral bandwidth is achieved at minimum pulse width or x = 0, according to Eq. (5).
We are particularly interested in the timing jitter. From Eq. (4), the root-mean-square (RMS) timing jitter is 
Later we find that the round-trip phase noise also depends on the rf power so that Δ Φ = |dΦ/dβ|×Δβ, where Δβ is the standard deviation of the modulation index fluctuation. From
Eq. (7), narrow-linewidth seed lasers, stable optical cavities and low-noise modulation signals are necessary to achieve low timing jitter. Finally, one more useful result is the time-averaged power transmission, P avg, . From Eq. (2), we find
where P seed is the CW seed power. The factor of two before the integral is due to the two identical pulses in each modulation period. This integral yields
again valid only for |x| ≤ β/2π. For analytical cases, instead of Eq. (1), Eq. (2) is used directly. According to Eq. (9), the time-averaged power transmission varies with the OFCG operation point. The transmission is minimum at x = 0. The transmission increases as |x| increases from 0 to β/2π, and it becomes maximum when |x| β/2π. It is therefore a useful means to identify the detuning parameter and value of β experimentally, as is done in the next section.
To briefly conclude this section, the response of the OFCG is determined by its operation point that is represented by the parameter x. The most interesting case is x = 0, where the OFCG yields the maximum bandwidth (the narrowest pulse) as well as the lowest residual timing jitter for a fixed modulation index. However, the minimum power transmission also occurs at x = 0. Another useful result is the pulse-rate doubling effect for the OFCG at x = 0.
Experiments of basic OFCG properties
Our OFCG was driven at 10 GHz with a cavity reflectivity of R = 0.97 (manufacturer's specification) and transmission efficiency of η = 0.9763 (our calibration), corresponding to a round-trip loss of 0.208 dB. The effective finesse of the optical F-P cavity is 60. In our device, the maximum power transmission is only 30 % (about 5.2 dB loss), which is caused by the waveguide propagation loss (η<1). This loss does not include the fiber-to-waveguide coupling loss. Figure 2 shows the calculated time-averaged power transmission versus the normalized relative detuning δ υ /FSR for different modulation indices β and our parameters. (These calculations used Eq. (1) rather than the approximation (2)). As discussed in Section 2, for β < π, each resonance peak symmetrically splits into double peaks, and the power is maximum at detunings approximately equal to β /2π. On other hand, the maximum comb bandwidth occurs at zero detuning, but, the average power loss is also the largest at this point. For modulation index greater than π but less than 2π, the curves repeat but with the center shifted to the position with δν/FSR = 1/2. (dB) (dB)
Exp. Data Figure 3 (a) plots the experimentally measured time-averaged power transmission with different modulation indices. By using a sweeping bias voltage to tune the relative frequency detuning parameter δν, the time-averaged optical power was detected by a lowspeed (50 MHz bandwidth) photodiode. In general, the agreement with Fig. 2 is excellent, except for the low transmission in the wings. Figure 3(b) plots the measured data (blue circles) of Φ (β) vs. β, where β was calculated from the peak splitting. We found that a quadratic curve was sufficient to fit the data, and this means that the phase shift is proportional to the RF driving power. The phase shift may be attributed to heating of the waveguide that results from increasing RF power. The red curve of Fig. 3(c) Figure 3 (d) plots the measured optical power spectrum at different operation points at 1 nm spectral resolution. For the operation point A (x = 0), the generated frequency comb spans almost 40 nm (5 THz) before reaching the measurement noise floor. For optical spectrum on each side of the seed wavelength, the power decays linearly in the log scale, and the slope is 2.44 dB/nm, or 0.195 dB per comb line. At the operation point A, β = 0.72π and F = 60, giving a theoretical power decaying coefficient of 0.2 dB per comb, which agrees well with the experiment. For operation points away from A (|x| β/2π), the sideband power decays faster, and the bandwidth becomes narrower. Our identification of these OFCG operation conditions related to power transmission is useful to understand the timing properties (pulse characteristics and timing jitter) discussed in the following sections. As discussed earlier, the operation point A (x = 0) will yield the narrowest, most stable output pulse trains. 
Figures 4(a)-4(b)
show output pulses at different operation points, detected by a highspeed photodiode (~ 9 ps pulse width at half maximum for its impulse response) and then measured by a fast sampling scope. The electronic resolution can't resolve the short pulse here as well as the pulse peak power. The modulation index is 0.72π. Our focus here is to see the timing delay related to the linear spectral phase, and the electronic measurement is sufficient for this purpose. the operation point changes from A to B, the relative delay of two 10 GHz pulse trains is smaller than half the modulation period, and the pulse trains tend to overlap each other in the time domain. When the operation point switches from B to C and across the setpoint (the maximum transmission) marked in Fig. 3(c) , the two 10 GHz pulse trains are broadened and merge into a single 10 GHz pulse train, which is the same situation for D. However, there is still a weak 10 GHz pulse train remaining, and this indicates more complex pulse properties beyond what is based on Eq. (1). Roughly speaking, output pulses at operation points C and D have the same relative delay (half the modulation period) but different delay signs when referred to the pulses generated at A. We can have similar results when comparing output pulses at operation points B and E. We also calculate these output pulses from Eq. (1) by setting x = 0, -0.292, -0.373, 0.361, and 0.290 (for A, B, C, D and E) to match with the bias detuning in experiments. Generally speaking, the calculation agrees well with the electronic measurement on the pulse timing position.
Measurements of timing jitter
Short-pulse sources with low jitter and high repetition rate are important in a variety of scientific and technological fields [15] . However, there have been few reports on timing jitter and phase-noise characteristics of the pulses generated by a modulator-based OFCG.
In [12] , a rough estimation of the residual timing jitter due to the frequency fluctuation of seed lasers was given. Although the frequency comb spacing is precisely determined by the modulation frequency, large residual timing jitter can still exist due to the fluctuation of the phase of each comb line. As analyzed in Section II, the pulse timing position fluctuates due to random variations of the seed laser's frequency, the cavity resonance frequency and the modulation power. It is desirable to lock the OFCG cavity to a narrow-linewidth optical seed and use low-jitter modulation for applications requiring the highest stable short-pulse sources. While there has been work on stabilizing the OFCG [5, 18] , the effect on timing jitter and corresponding microwave phase-noise was not reported. In this section, we illustrate that the residual phase noise (and integrated timing jitter) can be suppressed significantly by seeding the OFCG with a narrow-linewidth fiber laser rather than a semiconductor DFB laser. With a servo to stabilize the OFCG operation point, the timing jitter and the phase noise can be further reduced. Section II presented a theoretical expression for the timing jitter (Eq. (6)) and it is interesting to consider the specific parameters relevant to our system. In order to focus on the frequency noise of the seed laser and the cavity, we neglect the fluctuation of the modulation index; i.e., Δ β = 0. For our system, FSR = 2.5 GHz, β = 0.72π and f m = 10 GHz.
The unlocked F-P cavity's integrated frequency jitter was measured to be 25 kHz from 1Hz to 10 MHz. From Eq. (6), at x = 0, the timing jitter caused by the cavity's frequency jitter is only about 0.4 fs. In contrast, for our DFB seed laser, we measured Δ ν seed ≈ 10 MHz, which leads to an estimated timing jitter of about 177 fs at x = 0. For timing jitter < ~ 1 fs at f m = 10 GHz, narrow-linewidth (< ~ 50 kHz) seed laser is required. We note that for stable longterm operation, the OFCG operation point should also be locked with a servo system. Figure 5 shows our experimental setup that employs a hybrid optical/microwave phase bridge to measure the residual phase noise of the pulses from the OFCG [19] . The lower arm of the bridge incorporates a Mach-Zehnder modulator (MZM) [20] which allows us to match the delay of the upper arm without the impractical introduction of long microwave cables. The conversion from microwave to optical (MZM), the 40 meter fiber link, and conversion back to microwave (PD2) was independently verified to have phase noise below that measured for the OFCG. The linewidth of the laser source input to the MZM doesn't contribute appreciably to the phase noise of the delay matching arm. The delay matching error was ≤ to obtain a single pulse train at f m from the OFCG, we select one half of the comb spectrum (it is equivalent to select either the lower or upper half of the optical spectrum). Fig. 5 . Experimental setup to measure the residual phase noise of pulses from OFCG. The optical filter is a blocking filter that selects one half comb spectrum corresponding to one f m pulse train. The blocking filter is in the well known reflective Fourier-transform pulseshaper geometry based on a diffraction grating, and a hard aperture was used to block half the optical spectrum. The variable length fibers were used to match the relative delay. SA: spectrum analyzer. PD is an InGaAs photodiode. MZM: Mach-Zehnder Modulator (Mach-10002 [20] ). Figure 6(a) illustrates the filtered comb spectrum after the optical filter, where the highfrequency (n≥0) side of the spectrum was selected, corresponding to a 10 GHz pulse train. Before the optical filtering, the OFCG output (power ~ -10 dBm) was amplified by an erbium-doped fiber amplifier (EDFA). As the phase difference is proportional to the timing delay difference between the two arms of the bridge, the error signal at the mixer intermediate frequency (IF) is sensitive to the OFCG operation point. Figure 6(b) shows the phase error signal at different OFCG operation points, measured by sweeping the DC bias. The error signal from the mixer was set to zero volts DC at the operation point A, where the OFCG was stabilized with a servo. The servo is an integrator that efficiently Figure 7 plots measured residual phase noise within the frequency range of 1 Hz to 10 MHz. The measurement was carried out at the operation point of x = 0, where the theoretical timing jitter is minimum when compared to other choices of x. We tried two different optical seed lasers, a DFB laser (wavelength ~ 1542 nm) and a narrow-linewidth fiber laser (wavelength ~ 1560 nm). The measured linewidth of the DFB laser is on the order of 10 MHz. The manufacture specification of the fiber laser's linewidth is less than 400 Hz. The fiber laser source was sent to our lab through 200 meter optical fiber (SMF-28); this transport would likely increase the linewidth to several kHz based on previous measurements. As predicted, Fig. 7(a) shows a significant difference between the phase noises of the OFCG with these two different seed laser sources. The system noise floor was measured by removing the OFCG from the bridge and directly connecting (through RF power attenuators) the high-power μ-wave amplifier that drove the OFCG to the RF port of the μ-wave mixer. The noise floor is limited mainly by the two high-power (27-30 dBm) μ-wave amplifiers. Other noise sources include the MZM, photodiode (1/f and shot-noise), low-noise μ-wave amplifiers and the microwave mixer, which provide lower noise floors than that from the high-power μ-wave amplifiers. In Fig. 7 (b) , at frequencies less than 10 Hz, the noise of the servoed system falls below that of the measurement floor because 1/f noise is suppressed by the servo. This 1/f noise was not suppressed in the open-loop measurement of the noise floor. The large difference in the phase noise with the different CW pumps is clearly demonstrated in these experiments. Better attention to ground loops and shielding of the system should remove the strong spikes on the phase noise PSD corresponding to 60 Hz harmonics. Other spikes at higher frequencies are from active components (OFCG, optical amplifiers), and pick-up from surrounding electronics and the seed lasers. where S φ (f) = 2L(f) and L(f) represents the single sideband phase-noise power spectral density (PSD). In practice, we measure the total noise PSD for a certain bandwidth, e.g., 1 Hz to 10 MHz, provided by the FFT spectrum analyzer. From Fig. 7(a) , the noise PSD decays quickly and reaches the system noise floor at higher frequencies (~1 MHz). We have not measured the phase noise PSD for the full bandwidth up to f m /2 ≈ 5 GHz, although we do not expect any rise in the noise floor above that at 10 MHz. For the measurement floor (black), the 10 GHz integrated phase noise from 1 Hz to 10 MHz is 5.9×10 -8 rad 2 , which corresponds to a timing jitter of 3.9 fs, which is the lowest bound of measurable timing jitter in our current system without servo. Table 1 lists the residual integrated phase noise power (rad 2 ) and the corresponding timing jitter (fs) for two different seed lasers with different linewidth. For each seed laser, two results (with servo and without servo) are presented. Figure 7(b) shows an example of measured phase noise with the fiber laser seed plus servo control. As our measurements were limited to the frequency range of 1 Hz to 10 MHz, for the DFB laser, the obtained timing jitter (94 fs) should be smaller than the theoretical prediction (177 fs at x = 0) in Section IV. We believe that the phase noise and the timing jitter could be further reduced with low-noise optical and microwave amplifiers, and high-speed low-noise servo control. Ultimately, an OFCG seeded with a narrowlinewidth frequency stabilized laser and driven by low-noise microwave signals [15] should provide a stable and low-jitter optical pulse train and frequency comb. 
Conclusion
Timing jitter characteristics of an OFCG have been presented with theory and experiments. Although this study focused on an OFCG that generates 10 GHz-spaced frequency combs at 1.55 μm, our results can apply to OFCG at other wavelengths and with different modulation frequencies. Two sides of the optical spectrum from the OFCG correspond to two pulse trains with a timing delay varying between zero and half the modulation period. For each pulse train, the delay is sensitive to random drifts of the OFCG operation point, and the noise of the operation point results in excess pulse timing jitter. Analytical results of the timing jitter are derived, and we show that the residual jitter originates from noise of the seed laser frequency, the cavity resonance and the modulation source. Experimentally, for the first time, we have demonstrated residual timing jitter of less than 10 fs (measured bandwidth 1 Hz-10 MHz) for 10 GHz OFCG pulses, which indicates a relative phase uncertainty < 7×10 -4 radians between two adjacent 10 GHz comb lines. Our results demonstrate that the OFCG is a promising option for a low-timing-jitter, high-repetitionrate short-pulse source.
